Some new metria are introduced to measure the distance between biological sequences, such as amino acid sequences or nucleotide sequences. These metrics generalize a metric of Sellers, who considered only single deletions, mutations, and insertions. The present metria allow, for example, multiple deletions and insertions and single mutations. They also allow computation of the distance among more than two sequences. Algorithms for computing the values of the metrics are given which also compute best alignments. The connection with the information theory approach of Reichert, Cohen, and Wong is discussed.
INTRODUCTION
A protein is specified by the sequence of amino acids composing the protein. Since twenty kinds of amino acids are used in proteins, a protein is a finite word over an alphabet of twenty letters. Biology seeks to discover the evolutionary relations among the set of proteins. It postulates that proteins have evolved in time past, and this evolution has produced a tree (or trees) whose terminal nodes are the extant evolutionary changes is not clear. The interpretation of the metric due to Sellers [6] in terms of evolutionary changes is more clear. This metric is referred to as the s-metric. In this paper the s-metric is generalized to allow for more general evolutionary changes.
THE T-METRIC
Let A be a finite set such that d E A. d is called the neutral element.
As in [6] , the following definitions are made.
nating, only finitely many of the a, are # d, and a( E A.
nonneutral terms are identical.
sequences equivalent to a = ala2 *...
Every evolutionary sequence ala2 has a member such that if a, # A , then ak # d for all K < n. Let S be the set of A-sequences such that this property holds. S includes dd . e -.
A finite set T of weighted transformations T: 8+ S such that each T E T has as its domain .9( T) and range a( T) nonempty subsets of S is considered which satisfies the following two conditions.
The identity transformation I is in T .
Each T E T has an associated nonnegative number w( T) called Since T is finite, (ii) implies min w ( T ) > 0.
TEr

TZI
Fix a j 2 1. Suppose ala2 is an A-sequence and ajai+, E .9(T).
aj-, T(ajaj+, -. e ) where, if
Suppose a finite set T of transformations satisfying (i) and (ii) is given.
Then Tj is defined by Tj(ala2 e . . ) = a1 j = 1, a, For a, b E S, define uj-, is omitted. If T E T, then define w( Tj) = w( T ) . The d metric is referred to as the s-metric.
THE RELATIONSHIP BETWEEN THE T-METRIC AND THE S-METRIC
Sellers
If one relates the weights of mutations and deletions to the metric d, then a gives the smallest total of the weights of the sets of mutations and deletions which make H and 6 identical.
A set T of transformations will be defined for which
where a@) is the member of S which is in the evolutionary sequence H(6), thus showing .that the 7-metric is at least as general as ; E. Define
To-by 
( T Q -)
Proof. Recall that
We first show that for any a E H and b E 6, there is a TI E {a --+ blT and T, E {b + a}, such that: There is an N such that ai = bi = d for i 2 N . For the largest j < N such that a* # bj , define Tkj by: We next prove that for
Tt .-. T:;a = b, there are sequences a' E H and b' E 6 such that
which implies that
and will complete the proof.
As observed in the discusion preceeding Theorem 2, each a, either becomes a bj or is deleted. 
DELETIONS AND INSERTIONS OF MORE THAN ONE LETTER
A motivation for considering 7-metrics is to allow a more general class of transformations than the s-metric. Specifically one wants to allow deletions and insertions of letter sequences of length greater than 1. This can be accomplished in the s-metric formalism by successive deletions. However, this may be a greater distance than one might want to permit.
A major result of [6] is an efficient algorithm to compute distance.
Below we define a 7-metric which includes longer deletions and insertions and give a Sellers-like algorithm for this 7-metric under certain conditions. T t E {A, 3 BJ, has no multiple hits, then the T's may be reordered in any order and thej's appropriately changed so that the resulting transformation sequence is also in {Ai -+ Bj}, .
There are three cases to be considered with regard to the fate of a, pl(a, b) . The Proof. We show that there is some minimum sequence in {a --+ b}7 which has no multiple hits. It is sufficient to consider pairs of transformations acting on the same site. We shall show they can, in each case, be replaced by equivalent transformations, which do not act on the same site and whose weight is less than or equal to the sum of the weights of the pairs of transformations.
The three types of transformations (insertion, deletion, and mutation) allows nine categories of pairs of transformations. However any transformation followed by an insertion cannot act on the same site and three of the nine categories are eliminated.
A mutation followed by a mutation, both on the same site, must be of the form T(b,c)T(a,b) which has the weight 2)b and this pair can be replaced by T(,,J which has weight A,, .
A deletion followed by a mutation or deletion cannot act at the same site. An insertion followed by a mutation must be of the form T(,,,b) (where I < i < k ) which has the weight A,, + A, + . This pair can be replaced by Tal...a,-lba,+l...ak+ which as weight A, + .
A mutation followed by a deletion has the form Ta:,.
.
ak-T(b,a~)
(where 1 < i < k ) and weight A, -+ A,. We replace this pair by T%...at--lbOl+,....Qk-which has weight Ak-.
The remaining category is an insertion followed by a deletion. Suppose The remaining two subcases are handled in the same way. Finally, we remark that the matrix of Table 1 gives an alignment or best matching between sequences in the same manner that Sellers obtains best matching in the single insertion and deletion case. Our alignment is: The model of Reichert et al. includes a location cost which is omitted im the above correspondence. It should be possible to change the weights e€ the transformations to include the consideration of location costs, but this has not been carried out. The model of Reichert et al. also includes the concept of a "mutation machine" whose motion and action is specified by the sequence Ti; -a -Tj; .
AN EXAMPLE
On page 45 of [8] multiple hits are excluded so that the set of possible alignments is finite. In our treatment, the concept of the path of a site through a sequence of transformations makes possible a mathematically precise definition of multiple hits. Then, in Theorem 4, these concepts are used to exclude such occurrences in our algorithm.
Finally, the efficiency of the algorithm in [8] 
QUASIMETRICS
I n the introduction, metric measures of dissimilarity were presented. Of the three requirements for a metric measure of dissimilarity, perhaps the requirement of symmetry is the least realistic. The assumption that p(sl , s2) = p(s2 , sl) for all s1 , s2 E S implies that evolutionary changes are reversible. Here it will be shown that the assumption of symmetry can be dropped in the previous work.
A quasimetric space p ( s I , s2) is a nonnegative function on S x S which satisfies Then it is easily seen that Theorem 1 becomes: Each equivalence class Si of S together with p1 is a quasimetric space.
The computation of pl(a, b) has already been handled by Theorem 3 and Theorem 4, which gives sufficient conditions for the hypotheses of Theorem 3 to be satisfied, does not require symmetry.
THE +DISTANCE
This section extends the notion of distance between two sequences to a distance among n sequences: the n-distance. An algorithm which computes this distance is given. The algorithm also gives the alignment of the n sequences which has least weight. These alignments can then be used in ancestral reconstruction in which an alignment is interpreted as a common ancestor of the n sequences. Evolutionary tree construction can be based on the method.
Suppose pn maps A" to the nonnegative real numbers and p,(A, A,..., A ) = 0. Then extend p" to n A-sequences by the formula:
Then pn is extended to n evolutionary sequences by where the minimum is taken over all a"), a(*), ... The next theorem yields an algorithm to compute this number.
THEOREM 5 . 
. (2) .
-i-Pn(aZ,.€, 9 ly"2 ).*') ,".efl)
where ci = 0 or 1, A .
If a?) *.. UT) = : A , then omit computations of (*) which involve ei = 1.
Since all sequences in S are A after a certain point, there is an I > 0 such that, for some by' 
(-1
The following scheme is used in reconstructing ancestral sequences.
For each minimal alignment dl), d 2 ) , a@) consider ai'), ai2),
If at least two of a:", ala), ul3) are equal, then that is the ith element in the ancestral sequence. Otherwise all three are distinct and we use {all), a:'), a:"'> as the ith element in the ancestral sequence.
For our alignment, then, the ancestral sequence is abc{b, c, A}.
CONCLUSIONS
These new metrics should help in the investigation of the evolutionary relationship between two proteins by allowing more realistic evolutionary steps. It would be of interest to compare the new metrics for various lengths of insertions and deletions with existing metrics for a set of proteins. The problem of which metric and tree construction technique to use in the construction of evolutionary trees is a very difficult problem that may never be satisfactorily solved.
In connection with the construction of evolutionary trees it is possible that the method of reconstructing ancestral sequences with the 3-metric will be of value. We feel such an investigation should be carried out.
In conclusion, it should be remarked that one of the authors (M.S.W.) has used the multiple insertion and deletion metric as a tool to solve the problem of prediction of RNA secondary structure. The secondary structure problem is quite distinct from the problems handled in this paper, but these metrics are fundamental in the solution. The work on secondary structures will appear elsewhere.
Note Added in Proof. Section 4 discusses multiple insertions and deletions. The notion of the path of site through a sequence of the more general transformations has been omitted by oversight. If multiple insertions or deletions overlap a site previously altered, then the transformations cannot be reordered and the argument given in Theorem 3 fails.
To correct this alter the definition on p. 6, so that every A has a position number. Then there are no multiple hits if each position has been acted on or overlapped by at most one transformation.
